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Abstract 



It is shown that the Majorana phases of the neutrino mixing matrix cannot 
^ . have any effect in neutrino oscillations, contrary to the argument presented in 

, arXiv: 0912. 5266. It is also shown that in a charged-current weak interaction pro- 

I cess it is not possible to create a coherent superposition of different flavor neutrinos 

which is independent of the associated charged leptons. 

Qh| It has been argued in Ref. [1] that it is possible to observe the effect of the Majorana 

p i' phases of the neutrino mixing matrix in a neutrino oscillation experiment with an initial 
^ ■ beam described by a superposition of different neutrino flavors. Unfortunately, the argu- 
ment presented in Ref. [I] is invalid, as shown in the following. It is also in contradiction 
^ \ with the well known proof that the Majorana phases do not have any effect in neutrino 
\ oscillations in vacuum [2H1] as well as in matter [5]. 

• In the following we consider the simple Ve-i^^i two- neutrino mixing framework con- 

■ sidered in Ref. [1]. In this framework, the left-handed flavor neutrino fields VeL{x) and 
are unitary combinations of the left-handed massive neutrino fields lynix) and 
^2Lix) with respective masses mi and m2 (see Ref. [B]): 



l^aL{x) = ^ Uakl^kL{x) {a = 6, ^) , (1) 

k=l,2 

where U is the 2x2 unitary mixing matrix. Flavor neutrinos are produced and detected 
through charged-current (CC) weak-interaction processes described by the CC weak- 
interaction Lagrangian 



^cc{x) = ^ aL{x)Yj^aL{x)Wp{x) + H.c. 

* a=e,ii 

= 4^J2Y1 Mxh''UakiykL{x)W,{x) + H.C. , (2) 

^ a=e,fj, k=l,2 



where g is the coupling constant. In general, the 2x2 unitary mixing matrix can be 
written as 

/ cos^^e^"^! sin^9e^('^i+")\ 
~ I -sint9e*(^2-a) cos?9e*^2 j • U 
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However, two of the three phases are unphysical, because they can be ehminated by 
rephasing the two Dirac charged-lepton fields without affecting the respective kinetic 
and mass Lagrangians (the free Dirac Lagrangian is invariant under rephasing of the 
field) and the Lagrangians of the other interactions to which charged leptons take part 
(electromagnetic and weak neutral-current). On the other hand, a Majorana field cannot 
be rephased, because the Majorana mass term is not invariant under rephasing of the 
field (see Ref. [6]). Therefore, if the massive neutrino fields are of Majorana type, one 
of the three phases in Eq. ([3]), or a linear combination of them, is physical [2J-S11Z]- This 
phase is called "Majorana phase" . The choice of the Majorana phase is arbitrary. Let us 
consider two possibilities: 

(1) Rephasing the charged-lepton fields by 

eL{x) ^ e'^'eL{x) , /^^(a;) -> e^^^^-^Vila^) , (4) 

we obtain 

= ( "L'. . (5) 



sin ^ cos -(^e* 

This is the most convenient choice, because it allows to write the mixing matrix as 

In this form, the Majorana phase a is factorized in the diagonal matrix D[q) = 
diag(l, e*") on the right of the mixing matrix. 

(2) Rephasing the charged-lepton fields by 

eL{x) ^ e*"^eL(x) , fiL^x) ^ e'">L(x) , (7) 

we obtain 

This is the choice adopted in Ref. 

In order to investigate if there is any effect due to the Majorana phase a in neutrino 
oscillations, following Ref. [1] we consider an initial generic neutrino state which is a 
superposition of z/g and i/^: 

\uiO)) = Ae\ue) + A^\u^) . (9) 
Since the mixing of states is given by 

\^<^) = ^akWk) {a = e,/x) , (10) 

fc=l,2 

we have 

IKO)) = {AM:^ + A,U;,) W,) + {AJJ:, + A,U;^) . (11) 
The probability of Vf. detection at a time t is given by 

P^M = \{^eHt))? ■ (12) 
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Considering ultrarelativistic neutrinos, we obtain 



Aelf/eir + A^UelU;, + {A,\Ue2? + A^Ue2U;^) exp j^- 



(13) 



where Am^ = m\ — mf and E is the neutrino energy. 

Using the choice of phases of the mixing matrix, it is clear that there is no effect 
of the Majorana phase in the oscillation probability, since the contribution of a in Ue2 
and U*2 cancels in the product: 



Ae cos^ ^ — Afj^ COS sin + (^A^ sin^ ^ + A^^ cos -(9 sin -(9) exp ^—2 



2E 



(14) 

This is enough to confute the argument presented in Ref. [IJ that it is possible to 
observe the effect of the Majorana phases of the neutrino mixing matrix in a neutrino 
oscillation experiment with an initial beam described by a superposition of different 
neutrino flavors. One can see it also by noting that the probability P^X^) Eq. f|T3|) is 
invariant under the rephasing 



ak 



e,n; k = 1,2) 



(15) 



which corresponds to the freedom to rephase arbitrarily the massive neutrino fields in 
the Dirac case, when the Majorana phase is unphysical. Indeed, a rephasing of this type. 



a2 



e' 



-""U^ for a 



e, IJ,, eliminates the Majorana phase in Eq. (|5]). 



It is however interesting to understand why the authors of Ref. pp have been led to an 
incorrect conclusion as a consequence of their choice of phases of the mixing matrix. 
With this choice of phases the contribution of a does not cancel in Eq. ( IT^ : 



Ae cos^ ^9 - A^e"^ cos ■(9 sin -d 



+ [Ae sin^ + A^e"^ cos sin {}) exp ( - 



.Am^t 



(16) 



The difference between P^(t) and P®(t) is an apparent paradox, because different 
choices of the phases of the mixing matrix cannot induce different physical effects. 

A hint towards the solution of the paradox comes from the fact that in Eq. fll6p the 
Majorana phase appears always in the product A^e*", i.e. as a change of phase of A^. 
Hence one is led to ask if the phases of the coefficients Ag and in the initial neutrino 
state in Eq. (|9]) have physical meaning. The answer is that these phases have no physical 
meaning, because of the phase freedom of the charged-lepton fields, which induces a 
phase freedom in the corresponding charged-lepton states and in the associated flavor 
neutrino state. In order to clarify this statement, let us consider the complete leptonic 
state produced in a CC interaction process, for example in decay: 



with 



|V(0)) = A,\e+,Ue) +A^\fi+,u^) , 
Aa CC {a+,u,\l7^{0)YaLiO)Wm\W+) (a = e,/i) 



(17) 
(18) 
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at first order in perturbation theory, neglecting the effects of the neutrino masses in 
the decay process. From Eq. f|T8l) one can see that the phase freedom of the charged- 
lepton fields implies that the phases of the initial amplitudes Ae and are arbitrary 
and unphysical. 

This means that the state cannot be realized in nature. In other words, it is not 
possible to create a coherent superposition of |z/e) and |z/^). In fact, if the charged lepton 
is detected, the neutrino state is reduced to either |z/e) and |z/^). On the other hand, if 
the charged lepton is not detected, one must sum all neutrino interaction probabilities 
over the different charged lepton contributions. This is equivalent of considering the 
neutrino state as an incoherent superposition of |z/e) and ji/^), which is better described 
by a density matrix. In this case we have 

P.At)= E \{^\'^e\m)\\ (19) 
a=e,fj, 

with \ip(t)) given by, from Eq. (IT7I) . 

+ (At/:2|e+, z/2) + A,U;^\^^+, z/2)) e"^^^* , (20) 

where Ei and E2 are, respectively, the energies of vi and z/2, such that for the ultrarela- 
tivistic neutrinos under consideration £'2 — -Ei — Am^/2£'. The amplitudes in Eq. f|T9|) 
are given by 

(e+, = iWei^e-'"^-' + |f/e2re-^^^*) , (21) 

(/.+ , u^)) = A, (f/eif/;ie-^^^* + f/e2t/;2e-^^^*) . (22) 

Inserting these two expressions in Eq. f|T9|) . we obtain 

= \A,\^Pu^-.uXt) + \A^\^P,^^,St) , (23) 

with the standard transition probabilities 

P..^.. {t) = l- sin^ 2^ sin^ (^) ' (^) = (^) ' ^^4) 

These probabilities are independent of the Majorana phase a in both the choices of phases 
[/0 and [/© of the mixing matrix, as well as in any other choice allowed by the rephasing 
freedom of the charged-lepton fields. Hence we see that the correct probability to detect 
a z/e is independent of the Majorana phase and is independent of the phases of the initial 
amplitudes Ae and A^. Thus, the initial neutrino created in a charged-current interaction 
process which can produce both z/g and is not described correctly by the coherent state 
in Eq. but can be described by the density matrix operator 

/5(0) = |Ae|>e)(z/e| + |A^|>^)(z/^| . (25) 

Another way of seeing that the probability P^X^) Eq. (fT3|) is unobservable is to 
notice that it is not invariant under the rephasing 

Uak^e^'^-Uak (a = e,/i; A; = 1,2), (26) 
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which corresponds to the freedom to rephase arbitrarily the charged-lepton fields, as 
done, for example, in Eqs. dl]) and ([7]). In fact, this lack of invariance is the origin of the 
difference between P^{t) in Eq. ^ and Pj?(t) in Eq. 

Let us finally investigate if the Majorana phase has a physical effect in oscillations of 
a beam of neutrinos produced in a neutral-current interaction process, which is the only 
possibility of neutrino production (and detection) besides the charged- current processes 
considered above. In a neutral-current process, as for example Z° decay, neutrinos and 
antineutrinos are produced together and the different mass or flavor eigenstates have 
the same initial amplitude, because neutral current interactions are flavor-blind. In the 
two-neutrino framework the initial neutrino state is 

IV'(O)) = ^ iWu Vl) + ^2, 1^2)) = ^ (ke, l^e) + 1^^)) . (27) 

It was shown in Ref. [S] that flavor transitions occur only if both the neutrino and the 
antineutrino are detected. Hence, we consider the case of detection of a at the time t 
and a Vb at the time t, with a,b = e, fi. The relevant neutrino state is 

mm = ^ (|z/i,z>i)e-(^^*+^^*") + \u„u,)e-^(^^'^^^^) , (28) 

where Ei and E2 are, respectively, the energies of ui and U2, such that for the ultrarela- 
tivistic antineutrinos under consideration E2 — Ei ~ lS.w? jlE. The detection probability 
is given by 

+ Re|[/.,f/^f/:2t/.2expP(^ + ^)]} . (29) 

We conflrm that flavor transitions occur only if both the neutrino and the antineutrino 
are detected, as shown in Ref. |i8j, because when the neutrino or antineutrino are not 
detected, the corresponding probabilities are 

a=e,ii b=e,ij. 

These are the same flavor probabilities as those in the initial state in Eq. fl27|) . 

Moreover, the probability Pu^^p^{t,i) is invariant under the rephasing in Eq. ( 1T5|) . 
Therefore, it is independent of the Majorana phase. One can also verify it explicitly 
using the two choices of phases and t/® of the mixing matrix. 

In conclusion, we have shown that the Majorana phases of the neutrino mixing matrix 
cannot have any effect in neutrino oscillations, in agreement with Refs. [2HS] and contrary 
to the argument recently presented in Ref. [1]. We have also shown that in a charged- 
current weak interaction process it is not possible to create a coherent superposition of 
different flavor neutrinos which is independent of the associated charged leptons. 
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